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3 Vorwärts-Kinematik 5
3.1 Rechenweg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3.1.1 Ort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.1.2 Geschwindigkeit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3.2 Lösung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Copyright c© 2017 Matthias Rock - Keine Garantie auf Vollständigkeit und Richtigkeit! 1
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Teil I
Kinematische Berechnungen an einem Delta-Robot / Tri-Glide

1 Konstruktionszeichnung
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2 Inverse Kinematik

2.1 Rechenweg

2.1.1 Ort(
l1x
l1y

)
+

(
−P1x
−P1y

)
+

(
Ax

Ay

)
+

(
dx
dy

)
= 0(

l1x
l1y

)
=

(
P1x −Ax − dx
P1y −Ay − dy

)
l21 = l21x + l21y = (P1x −Ax − dx)

2 + (P1y −Ay − dy)
2

h1 = s1 +Az =
√
L2 − l21 +Az =

√
L2 − (P1x −Ax − dx)2 − (P1y −Ay − dy)2 +Az

P1x = −r · sin(β)
P1y = r · cos(β)
dx = −R · sin(β)
dy = R · cos(β)

h1 =
√
L2 − [−r · sin(β)−Ax +R · sin(β)]2 − [r · cos(β)−Ay −R · cos(β)]2 +Az

h1 =
√

L2︸︷︷︸
B1

−[(R− r)sin(β)︸ ︷︷ ︸
B2

−Ax]2 − [(r −R)cos(β)︸ ︷︷ ︸
B3

−Ay]2 +Az

h1 =
√
B1 − (B2 −Ax︸ ︷︷ ︸

F1

)2 − (B3 −Ay︸ ︷︷ ︸
F2

)2 +Az

h1 =
√
B1 − F 2

1 − F 2
2︸ ︷︷ ︸

F3

+Az

h1 = F3 +Az

(
l2x
l2y

)
+

(
−P2x
−P2y

)
+

(
Ax

Ay

)
+

(
ex
ey

)
= 0(

l2x
l2y

)
=

(
P2x −Ax − ex
P2y −Ay − ey

)
l22 = l22x + l22y = (P2x −Ax − ex)

2 + (P2y −Ay − ey)
2

h2 = s2 +Az =
√
L2 − l22 +Az =

√
L2 − (P2x −Ax − ex)2 − (P2y −Ay − ey)2 +Az

P2x = −r · cos(30◦ + β)

P2y = −r · sin(30◦ + β)

ex = −R · cos(30◦ + β)

ey = −R · sin(30◦ + β)

h2 =
√
L2 − [−r · cos(30◦ + β)−Ax +R · cos(30◦ + β)]2 − [−r · sin(30◦ + β)−Ay +R · sin(30◦ + β)]2 +Az

h2 =
√
L2 − [(R− r)cos(30◦ + β)︸ ︷︷ ︸

B4

−Ax]2 − [(R− r)sin(30◦ + β)︸ ︷︷ ︸
B5

−Ay]2 +Az

h2 =
√
B1 − (B4 −Ax︸ ︷︷ ︸

F4

)2 − (B5 −Ay︸ ︷︷ ︸
F5

)2 +Az

h2 =
√
B1 − F 2

4 − F 2
5︸ ︷︷ ︸

F6

+Az

h2 = F6 +Az
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(
l3x
l3y

)
+

(
−P3x
−P3y

)
+

(
Ax

Ay

)
+

(
fx
fy

)
= 0(

l3x
l3y

)
=

(
P3x −Ax − fx
P3y −Ay − fy

)
l23 = l23x + l23y = (P3x −Ax − fx)

2 + (P3y −Ay − fy)
2

h3 = s3 +Az =
√
L2 − l23 +Az =

√
L2 − (P3x −Ax − fx)2 − (P3y −Ay − fy)2 +Az

P3x = r · cos(30◦ − β)

P3y = −r · sin(30◦ − β)

fx = R · cos(30◦ − β)

fy = −R · sin(30◦ − β)

h3 =
√
L2 − [r · cos(30◦ − β)−Ax −R · cos(30◦ − β)]2 − [−r · sin(30◦ − β)−Ay +R · sin(30◦ − β)]2 +Az

h3 =
√
L2 − [(r −R)cos(30◦ − β)︸ ︷︷ ︸

B6

−Ax]2 − [(R− r)sin(30◦ − β)︸ ︷︷ ︸
B7

−Ay]2 +Az

h3 =
√
B1 − (B6 −Ax︸ ︷︷ ︸

F7

)2 − (B7 −Ay︸ ︷︷ ︸
F8

)2 +Az

h3 =
√
B1 − F 2

7 − F 2
8︸ ︷︷ ︸

F9

+Az

h3 = F9 +Az

2.1.2 Geschwindigkeit

ḣ1 =
d

dt

[√
B1 − (B2 −Ax)2 − (B3 −Ay)2 +Az

]
ḣ1 =

1

2

[
B1 − (B2 −Ax)

2 − (B3 −Ay)
2
]− 1

2 · [−2(B2 −Ax)(−Ȧx)− 2(B3 −Ay)(−Ȧy)] + Ȧz

ḣ1 =
(B2 −Ax)Ȧx + (B3 −Ay)Ȧy√
B1 − (B2 −Ax)2 − (B3 −Ay)2

+ Ȧz

ḣ1 =
F1Ȧx + F2Ȧy

F3
+ Ȧz

ḣ2 =
d

dt

[√
B1 − (B4 −Ax)2 − (B5 −Ay)2 +Az

]
ḣ2 =

1

2

[
B1 − (B4 −Ax)

2 − (B5 −Ay)
2
]− 1

2 · [−2(B4 −Ax)(−Ȧx)− 2(B5 −Ay)(−Ȧy)] + Ȧz

ḣ2 =
(B4 −Ax)Ȧx + (B5 −Ay)Ȧy√
B1 − (B4 −Ax)2 − (B5 −Ay)2

+ Ȧz

ḣ2 =
F4Ȧx + F5Ȧy

F6
+ Ȧz

ḣ3 =
d

dt

[√
B1 − (B6 −Ax)2 − (B7 −Ay)2 +Az

]
ḣ3 =

1

2

[
B1 − (B6 −Ax)

2 − (B7 −Ay)
2
]− 1

2 · [−2(B6 −Ax)(−Ȧx)− 2(B7 −Ay)(−Ȧy)] + Ȧz

ḣ3 =
(B6 −Ax)Ȧx + (B7 −Ay)Ȧy√
B1 − (B6 −Ax)2 − (B7 −Ay)2

+ Ȧz

ḣ3 =
F7Ȧx + F8Ȧy

F9
+ Ȧz
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2.2 Lösung

h1 = F3 +Az

h2 = F6 +Az

h3 = F9 +Az

ḣ1 =
F1Ȧx + F2Ȧy

F3
+ Ȧz

ḣ2 =
F4Ȧx + F5Ȧy

F6
+ Ȧz

ḣ3 =
F7Ȧx + F8Ȧy

F9
+ Ȧz

B1 = L2

B2 = (R− r)sin(β)

B3 = (r −R)cos(β)

B4 = (R− r)cos(30◦ + β)

B5 = (R− r)sin(30◦ + β)

B6 = (r −R)cos(30◦ − β)

B7 = (R− r)sin(30◦ − β)

F1 = B2 −Ax

F2 = B3 −Ay

F3 =
√
B1 − F 2

1 − F 2
2

F4 = B4 −Ax

F5 = B5 −Ay

F6 =
√
B1 − F 2

4 − F 2
5

F7 = B6 −Ax

F8 = B7 −Ay

F9 =
√
B1 − F 2

7 − F 2
8

3 Vorwärts-Kinematik

3.1 Rechenweg

3.1.1 Ort

P1′x = P1x − dx = −r · sin(β) +R · sin(β) = (R− r)sin(β)

P1′y = P1y − dy = r · cos(β)−R · cos(β) = (r −R)cos(β)

P1′z = h1

L2 = (Ax − P1′x)
2 + (Ay − P1′y)

2 + (Az − P1′z)
2

L2 = A2
x − 2AxP1

′
x + P1′x

2
+A2

y − 2AyP1
′
y + P1′y

2
+A2

z − 2AzP1
′
z + P1′z

2

L2 = A2
x +A2

y +A2
z − 2AxP1

′
x − 2AyP1

′
y − 2Azh1 + P1′x

2
+ P1′y

2︸ ︷︷ ︸
C1

+ h21︸︷︷︸
D1

L2 = A2
x +A2

y +A2
z − 2AxP1

′
x − 2AyP1

′
y − 2Azh1 + C1 +D1 (1)

P2′x = P2x − ex = −r · cos(30◦ + β) +R · cos(30◦ + β) = (R− r)cos(30◦ + β)

P2′y = P2y − ey = −r · sin(30◦ + β) +R · sin(30◦ + β) = (R− r)sin(30◦ + β)

P2′z = h2

L2 = (Ax − P2′x)
2 + (Ay − P2′y)

2 + (Az − P2′z)
2

L2 = A2
x − 2AxP2

′
x + P2′x

2
+A2

y − 2AyP2
′
y + P2′y

2
+A2

z − 2AzP2
′
z + P2′z

2

L2 = A2
x +A2

y +A2
z − 2AxP2

′
x − 2AyP2

′
y − 2Azh2 + P2′x

2
+ P2′y

2︸ ︷︷ ︸
C2

+ h22︸︷︷︸
D2

L2 = A2
x +A2

y +A2
z − 2AxP2

′
x − 2AyP2

′
y − 2Azh2 + C2 +D2 (2)

P3′x = P3x − fx = r · cos(30◦ − β)−R · cos(30◦ − β) = (r −R)cos(30◦ − β)

P3′y = P3y − fy = −r · sin(30◦ − β) +R · sin(30◦ − β) = (R− r)sin(30◦ − β)

P3′z = h3

L2 = (Ax − P3′x)
2 + (Ay − P3′y)

2 + (Az − P3′z)
2

L2 = A2
x − 2AxP3

′
x + P3′x

2
+A2

y − 2AyP3
′
y + P3′y

2
+A2

z − 2AzP3
′
z + P3′z

2

L2 = A2
x +A2

y +A2
z − 2AxP3

′
x − 2AyP3

′
y − 2Azh3 + P3′x

2
+ P3′y

2︸ ︷︷ ︸
C3

+ h23︸︷︷︸
D3

L2 = A2
x +A2

y +A2
z − 2AxP3

′
x − 2AyP3

′
y − 2Azh3 + C3 +D3 (3)
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(1)− (2) :

0 = −2AxP1
′
x + 2AxP2

′
x − 2AyP1

′
y + 2AyP2

′
y − 2Azh1 + 2Azh2 + C1 +D1 − C2 −D2

0 = (P2′x − P1′x)︸ ︷︷ ︸
C4

Ax + (P2′y − P1′y)︸ ︷︷ ︸
C5

Ay + (h2 − h1)︸ ︷︷ ︸
D4

Az +
1

2
(C1 − C2︸ ︷︷ ︸

C6

+D1 −D2︸ ︷︷ ︸
D5

)

0 = C4Ax + C5Ay +D4Az +
1

2
(C6 +D5)

(1)− (3) :

0 = −2AxP1
′
x + 2AxP3

′
x − 2AyP1

′
y + 2AyP3

′
y − 2Azh1 + 2Azh3 + C1 +D1 − C3 −D3

0 = (P3′x − P1′x)︸ ︷︷ ︸
C7

Ax + (P3′y − P1′y)︸ ︷︷ ︸
C8

Ay + (h3 − h1)︸ ︷︷ ︸
D6

Az +
1

2
(C1 − C3︸ ︷︷ ︸

C9

+D1 −D3︸ ︷︷ ︸
D7

)

0 = C7Ax + C8Ay +D6Az +
1

2
(C9 +D7)

C4Ax = −C5Ay −D4Az −
1

2
(C6 +D5)

Ax = −C5

C4
Ay −

D4

C4
Az −

C6 +D5

2C4

0 = −C5C7

C4
Ay −

C7D4

C4
Az −

C7(C6 +D5)

2C4
+ C8Ay +D6Az +

1

2
(C9 +D7)

0 =
C4C8 − C5C7

C4
Ay +

C4D6 −D4C7

C4
Az +

C4(C9 +D7)− C7(C6 +D5)

2C4

Ay =
C7D4 − C4D6

C4C8 − C5C7
Az +

C7(C6 +D5)− C4(C9 +D7)

2 [C4C8 − C5C7]︸ ︷︷ ︸
C10

Ay =
C7D4 − C4D6

C10︸ ︷︷ ︸
D8

Az +
C7(C6 +D5)− C4(C9 +D7)

2C10︸ ︷︷ ︸
D9

Ay = D8Az +D9

C8Ay = −C7Ax −D6Az −
1

2
(C9 +D7)

Ay = −C7

C8
Ax − D6

C8
Az −

C9 +D7

2C8

0 = C4Ax − C5C7

C8
Ax − C5D6

C8
Az −

C5(C9 +D7)

2C8
+D4Az +

1

2
(C6 +D5)

0 =
C4C8 − C5C7

C8
Ax +

C8D4 − C5D6

C8
Az +

C8(C6 +D5)− C5(C9 +D7)

2C8

Ax =
C5D6 − C8D4

C4C8 − C5C7
Az +

C5(C9 +D7)− C8(C6 +D5)

2(C4C8 − C5C7)

Ax =
C5D6 − C8D4

C10︸ ︷︷ ︸
D10

Az +
C5(C9 +D7)− C8(C6 +D5)

2C10︸ ︷︷ ︸
D11

Ax = D10Az +D11

(1) :

L2 = A2
x +A2

y +A2
z − 2AxP1

′
x − 2AyP1

′
y − 2Azh1 + C1 +D1

0 = (D10Az +D11)
2 + (D8Az +D9)

2 +A2
z − 2P1′x(D10Az +D11)− 2P1′y(D8Az +D9)− 2Azh1 +D1 + C1 − L2︸ ︷︷ ︸

C11

0 = D2
10A

2
z + 2D10D11Az +D2

11 +D2
8A

2
z + 2D8D9Az +D2

9 +A2
z − 2P1′xD10Az − 2P1′xD11 − 2P1′yD8Az − 2P1′yD9 − 2Azh1

+D1 + C11

0 = (D2
8 +D2

10 + 1)A2
z + 2(D10D11 +D8D9 − P1′xD10 − P1′yD8 − h1)Az +D2

11 +D2
9 − 2(P1′xD11 + P1′yD9) +D1 + C11
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0 = (D2
8 +D2

10 + 1)︸ ︷︷ ︸
D12

A2
z + 2[D8(D9 − P1′y) +D10(D11 − P1′x)− h1]︸ ︷︷ ︸

D13

Az +D2
9 +D2

11 − 2(P1′xD11 + P1′yD9) +D1 + C11︸ ︷︷ ︸
D14

0 = D12A
2
z +D13Az +D14

Az = −D13 +
√
D2

13 − 4D12D14

2D12

3.1.2 Geschwindigkeit

Ȧz =
d

dt

[
−D13 +

√
D2

13 − 4D12D14

2D12

]

Ȧz = −

2D12

[
Ḋ13 +

1
2 (D

2
13 − 4D12D14)

− 1
2 · (2D13Ḋ13 − 4(D12Ḋ14 + Ḋ12D14))

]
−

D13 +

D15︷ ︸︸ ︷√
D2

13 − 4D12D14

 · 2Ḋ12

4D2
12

Ȧz = −
D12

[
Ḋ13 +

D13Ḋ13−2(D12Ḋ14+Ḋ12D14)
D15

− Ḋ12 (D13 +D15)
]

2D2
12

Ȧy =
d

dt
[D8Az +D9] = D8Ȧz + Ḋ8Az + Ḋ9

Ȧx =
d

dt
[D10Az +D11] = D10Ȧz + Ḋ10Az + Ḋ11

Ḋ1 =
d

dt

[
h21
]
= 2h1ḣ1

Ḋ2 =
d

dt

[
h22
]
= 2h2ḣ2

Ḋ3 =
d

dt

[
h23
]
= 2h3ḣ3

Ḋ4 =
d

dt
[h2 − h1] = ḣ2 − ḣ1

Ḋ5 =
d

dt
[D1 −D2] = Ḋ1 − Ḋ2

Ḋ6 =
d

dt
[h3 − h1] = ḣ3 − ḣ1

Ḋ7 =
d

dt
[D1 −D3] = Ḋ1 − Ḋ3

Ḋ8 =
d

dt

[
C7D4 − C4D6

C10

]
=
C7Ḋ4 − C4Ḋ6

C10

Ḋ9 =
d

dt

[
C7(C6 +D5)− C4(C9 +D7)

2C10

]
=
C7Ḋ5 − C4Ḋ7

2C10

Ḋ10 =
d

dt

[
C5D6 − C8D4

C10

]
=
C5Ḋ6 − C8Ḋ4

C10

Ḋ11 =
d

dt

[
C5(C9 +D7)− C8(C6 +D5)

2C10

]
=
C5Ḋ7 − C8Ḋ5

2C10

Ḋ12 =
d

dt

[
D2

8 +D2
10 + 1

]
= 2D8Ḋ8 + 2D10Ḋ10 = 2[D8Ḋ8 +D10Ḋ10]

Ḋ13 =
d

dt

[
2[D8(D9 − P1′y) +D10(D11 − P1′x)− h1]

]
= 2[D8Ḋ9 + Ḋ8D9 − P1′yḊ8 +D10Ḋ11 + Ḋ10D11 − P1′xḊ10 − ḣ1]

Ḋ13 = 2[D8Ḋ9 + Ḋ8(D9 − P1′y) +D10Ḋ11 + Ḋ10(D11 − P1′x)− ḣ1]

Ḋ14 =
d

dt

[
D2

9 +D2
11 − 2(P1′xD11 + P1′yD9) +D1 + C11

]
= 2D9Ḋ9 + 2D11Ḋ11 − 2(P1′xḊ11 + P1′yḊ9) + Ḋ1

Ḋ14 = 2[D9Ḋ9 +D11Ḋ11 − P1′xḊ11 − P1′yḊ9] + Ḋ1 = 2[Ḋ9(D9 − P1′y) + Ḋ11(D11 − P1′x)] + Ḋ1
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3.2 Lösung

Az = −D13 +
√
D2

13 − 4D12D14

2D12

Ay = D8Az +D9

Ax = D10Az +D11

Ȧz = −
D12

[
Ḋ13 +

D13Ḋ13−2(D12Ḋ14+Ḋ12D14)
D15

− Ḋ12 (D13 +D15)
]

2D2
12

Ȧy = D8Ȧz + Ḋ8Az + Ḋ9

Ȧx = D10Ȧz + Ḋ10Az + Ḋ11

C1 = P1′x
2
+ P1′y

2

C2 = P2′x
2
+ P2′y

2

C3 = P3′x
2
+ P3′y

2

C4 = P2′x − P1′x

C5 = P2′y − P1′y

C6 = C1 − C2

C7 = P3′x − P1′x

C8 = P3′y − P1′y

C9 = C1 − C3

C10 = C4C8 − C5C7

C11 = C1 − L2

D1 = h21

D2 = h22

D3 = h23

D4 = h2 − h1

D5 = D1 −D2

D6 = h3 − h1

D7 = D1 −D3

D8 =
C7D4 − C4D6

C10

D9 =
C7(C6 +D5)− C4(C9 +D7)

2C10

D10 =
C5D6 − C8D4

C10

D11 =
C5(C9 +D7)− C8(C6 +D5)

2C10

D12 = D2
8 +D2

10 + 1

D13 = 2[D8(D9 − P1′y) +D10(D11 − P1′x)− h1]

D14 = D2
9 +D2

11 − 2(P1′xD11 + P1′yD9) +D1 + C11

D15 =
√
D2

13 − 4D12D14

P1′x = (R− r)sin(β)

P1′y = (r −R)cos(β)

P2′x = (R− r)cos(30◦ + β)

P2′y = (R− r)sin(30◦ + β)

P3′x = (r −R)cos(30◦ − β)

P3′y = (R− r)sin(30◦ − β)

Ḋ1 = 2h1ḣ1

Ḋ2 = 2h2ḣ2

Ḋ3 = 2h3ḣ3

Ḋ4 = ḣ2 − ḣ1

Ḋ5 = Ḋ1 − Ḋ2

Ḋ6 = ḣ3 − ḣ1

Ḋ7 = Ḋ1 − Ḋ3

Ḋ8 =
C7Ḋ4 − C4Ḋ6

C10

Ḋ9 =
C7Ḋ5 − C4Ḋ7

2C10

Ḋ10 =
C5Ḋ6 − C8Ḋ4

C10

Ḋ11 =
C5Ḋ7 − C8Ḋ5

2C10

Ḋ12 = 2[D8Ḋ8 +D10Ḋ10]

Ḋ13 = 2[D8Ḋ9 + Ḋ8(D9 − P1′y) +D10Ḋ11 + Ḋ10(D11 − P1′x)− ḣ1]

Ḋ14 = 2[Ḋ9(D9 − P1′y) + Ḋ11(D11 − P1′x)] + Ḋ1
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